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Abstract
We consider cosmological consequences of a conformal - invariant formulation of
Einstein’s General Relativity where instead of the scale factor of the spatial metrics
in the action functional a massless scalar (dilaton) field occurs which scales all
masses including the Planck mass. Instead of the expansion of the universe we
obtain the Hoyle-Narlikar type of mass evolution, where the temperature history of
the universe is replaced by the mass history. We show that this conformal - invariant
cosmological model gives a satisfactory description of the new supernova Ia data for
the effective magnitude - redshift relation without a cosmological constant and make
a prediction for the high-redshift behavior which deviates from that of standard
cosmology for z > 1.7.
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1. Introduction
The recent data for the luminosity-redshift relation obtained by the supernova
cosmology project (SCP) [1] point to an accelerated expansion of the universe
within the standard Friedman-Robertson-Walker (FRW) cosmological model.
Since the fluctuations of the microwave background radiation [2] provide evi-
dence for a flat universe a finite value of the cosmological constant Λ has been
introduced [3] which raises to the cosmic coincidence (or fine-tuning) problem
[4]. A most common approach to the solution of this problem is to allow a time
dependence of the cosmological constant (“Quintessence” [5,4]), the speed of
light [6] or the fine structure constant [7].
Preprint submitted to Elsevier Preprint 12 December 2018
The present paper is devoted to an alternative description of the new cos-
mological supernova data without a Λ- term as evidence for Weyl’s geometry
of similarity [8], where Einstein’s theory takes the form of the conformal -
invariant theory of a massless scalar field [9–14].
As it has been shown byWeyl [8] already in 1918, conformal - invariant theories
correspond to the relative standard of measurement of a conformal - invariant
ratio of two intervals, given in the geometry of similarity 1 as a manifold of
Riemannian geometries connected by conformal transformations. This ratio
depends on nine components of the metrics whereas the tenth component
became the scalar dilaton field that can not be removed by the choice of the
gauge. In the current literature [15,16] (where the dilaton action is the basis
of some speculations on the unification of Einstein’s gravity with the standard
model of electroweak and strong interactions including modern theories of
supergravity) this peculiarity of the conformal - invariant version of Einstein’s
dynamics has been overlooked.
The energy constraint converts this dilaton into a time-like classical evolution
parameter which scales all masses including the Planck mass. In the conformal
cosmology (CC), the evolution of the value of the massless dilaton field (in
the homogeneous approximation) corresponds to that of the scale factor in
standard cosmology (SC). Thus, the CC is a field version of the Hoyle-Narlikar
cosmology [17], where the redshift reflects the change of the atomic energy
levels in the evolution process of the elementary particle masses determined
by that of the scalar dilaton field [12,17,18]. The CC describes the evolution in
the conformal time, which has a dynamics different from that of the standard
Friedmann model.
In the present paper we will discuss as an observational argument in favour
of the CC scenario that the Hubble diagram (effective magnitude - redshift-
relation: m(z)) including the recent SCP data [1] can be described without a
cosmological constant.
1 The geometry of similarity is characterized by a measure of changing the length
of a vector on its parallel transport. In the considered dilaton case, it is the gradient
of the dilaton. In the following, we call the scalar conformal - invariant theory
the conformal general relativity (CGR) to distinguish it from the original Weyl [8]
theory where the measure of changing the length of a vector on its parallel transport
is a vector field (that leads to the defect of the physical ambiguity of the arrow of
time pointed out by Einstein in his comment to Weyl’s paper [8]).
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2. Conformal General Relativity
The principle of relativity of all standards of measurement can be incorporated
into the unified theory through the Weyl geometry of similarity as a manifold
of conformal - equivalent Riemannian geometries. To escape defects of the
first Weyl version of 1918 [8], we use the scalar-tensor conformal invariant
(gˆµν = w
2gµν) where w is a dilaton scalar field described by the Penrose-
Chernikov-Tagirov (PCT) action [9]
SCGR=−
∫
d4x
√
−gˆ1
6
R(gˆ)
=
∫
d4x
[
−√−gw
2
6
R(g) + w∂µ(
√−ggµν∂νw)
]
(1)
with negative sign. The action and conformal - invariant equations of this
theory coincide with the ones of Einstein’s general relativity (GR) expressed
in terms of the conformal - invariant Lichnerowicz variables F(n), including
the metric g [19]
FL(n) = ||(3)g||−n/6F(n) , (dsL)2 = gLµνdxµdxν , ||(3)gL|| = 1 , (2)
where (3)gij are the 3-dimensional metric components, (n) is the conformal
weight for a tensor (n = 2), vector (n = 0), spinor (n = −3/2), and scalar
(n = −1) field. The role of the dilaton field in GR is played by the scale-metric
field
wg = ||(3)g||1/6MPlanck
√
3
8π
. (3)
Therefore, we call this theory the conformal general relativity (CGR).
In contrast to Einstein’s general relativity theory, in Weyl’s conformal relativ-
ity we can measure only a ratio of two Einstein intervals that depends only
on nine components of the metric tensor. This means that the conformal in-
variance allows us to remove only one component of the metric tensor using
the scale-free Lichnerowicz conformal - invariant field variables (2). We show
that the conformal invariance of the action, the variables, and the measurable
quantities gives us an opportunity to solve the problems of modern cosmology
without inflation by the definition of the observables as conformal - invari-
ant quantities. We introduce the conformal time, the conformal (coordinate)
distance, the conformal density, the conformal pressure, etc. using instead of
the FRW cosmic scale factor the homogeneous dilaton field which scales all
masses in the universe.
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After the introduction of the CGR for an empty universe we give now to the
action of the matter fields in a conformal invariant formulation of the Standard
Model (SM)
SCSM =
∫
d4x
√−g
[ |Φ|2
6
R(g) + LSM0 (g, {vi}, {ψj},Φ) + LHiggs(|Φ|, w)
]
,(4)
where LSMλ (g, {vi}, {ψj},Φ) is the SM Lagrangian with the metric tensor g,
the Higgs field Φ, the vector boson fields {vi}, the spinor fields {ψj} and the
coupling constant λ of the conventional Higgs potential. The latter one has to
be replaced by the conformal - invariant one
LHiggs(Φ, w) = −λ
[
(|Φ|)2 − C2(w)
]2
, (5)
where the mass term of the Higgs field C(w) = yHiggsw is rescaled by the
cosmological dilaton w. The conformal - invariant interactions of the dilaton
and the Higgs doublet form the effective Newton coupling in the gravitational
Lagrangian
|Φ|2 − w2
6
R . (6)
From this term the necessity becomes obvious to introduce the modulus φ and
the mixing angle χ of the the dilaton-Higgs mixing [20] as new variables by
w = φ coshχ, |Φ| = φ sinhχ , (7)
so that the total Lagrangian of our conformal cosmology model takes the form
L=LCGR + LCSM
=−φ
2
6
R− ∂µφ∂µφ+ φ2∂µχ∂µχ + LHiggs(φ, χ) + ψ¯eyeφ sinhχψe + ... ,(8)
where the Higgs Lagrangian
LHiggs(φ, χ) = −λφ4
[
sinh2 χ− y2Higgs cosh2 χ
]2
(9)
describes the conformal - invariant Higgs effect of the spontaneous SU(2) sym-
metry breaking
∂LHiggs
∂χ
= 0 ⇒ χ1 = 0, sinhχ2,3 = ± yHiggs√
1− y2Higgs
∼ 10−17 (10)
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corresponding to the latter pair of solutions (χ2,3). The masses of elementary
particles are also scaled by the modulus of the dilaton-Higgs mixing. There
are two ways to obtain the Standard Model. The simplest way is to use a
scale transformation to convert this modulus into a constant (instead of the
Lichnerowicz gauge (2))
φ(x0, x) = ϕ0 = MPlanck
√
3
8π
. (11)
In this case the Lagrangian (8) goes over into the Einstein-Hilbert one with
yHiggs =
mX
ϕ0
∼ 10−17 . (12)
In the limit of infinite Planck mass the SM sector decouples from the gravita-
tional one and takes the standard renormalizable form with the Higgs potential
− λ(X2 −m2X)2 +O
(
1
MPlanck
)
, (13)
where the notations ϕ0χ = X and ϕ0yHiggs = mX have been introduced for the
Higgs field and its mass term, respectively. However, the gauge (11) violates
the conformal symmetry of the equations of motion and introduces an absolute
standard of measurement of geometric intervals depending on ten components.
This way leads to the standard cosmology.
The second way is to choose the Weyl relative standard of measurement of
intervals depending on nine components of the metric tensor in the general
case. This way is compatible with the Lichnerowicz gauge (2) that does not
violate the conformal symmetry of the equations of motion in the conformal
- invariant theory considered. In this case, the equality (11) follows from the
energy constraint and means the current (non-fundamental) status of Planck
mass [14]. The Weyl relative standard of measurement leads to the conformal
cosmology [12].
3. Cosmological solutions for the dilaton - Higgs dynamics
It is well-known that the homogeneous and isotropic approximation to GR is
described by the metric
ds2 = g00(x0)dx
0dx0 − a2(x0)dxidxi = a2(x0)(dsL)2 , (14)
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where dt =
√
g00dx0 is the Friedmann time interval.
In this approximation CGR is described by the flat conformal space-time
(dsL)2 = dη2 − dx2i , (15)
where dη =
√
gL00dx0 is the conformal time interval and the abbreviation N0 =√
gL00 will be used. For simplicity we will restrict us here to the discussion of
flat space.
The roˆle of the cosmic scale factor in CGR is played by the zero momentum
mode of the Fourier decomposition of the dilaton field,
ϕ(x0) =
1
V
∫
d3xφL(x0, ~x) , (16)
that scales (as we have seen before) all masses of elementary particles including
the Planck mass. The infrared interaction of the complete set of local inde-
pendent variables {f} with this dilaton zero mode ϕ(x0) is taken into account
exactly, and it is the subject of the well-known problem of the cosmologi-
cal creation of particles in terms of the conformal variables (2), see also [22].
From the CGR action, we obtain the equation of motion for the dilaton field
as the conformal analogue of the Friedmann equation for the evolution of the
universe
∂S
∂N0
= 0 ⇒ (ϕ′)2 = ρ(ϕ) , (17)
where the prime denotes the derivative with respect to the conformal time η.
ρ(ϕ) =
1
V
∫
d3xT00(ϕ) (18)
is the conformal energy density which is connected with the SC one by ρ(ϕ) =
a4 ρSC , where a = ϕ/ϕ0.
The cosmic evolution of dilaton masses leads to the redshift of energy levels of
star atoms [17] as a function of the elapsed conformal time. We can introduce
the Hubble parameter of the CC model, H0 = ϕ
′(η0)/ϕ(η0), which can be
used to fix the integration constant occuring in the solution of the evolution
equation (17) with the present day value of the dilaton ϕ0 = ϕ(η0)
ϕ0 =
√
ρ(ϕ0)
H0
=MPlanck
√
3
8π
. (19)
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In CC, the Planck mass is subject to cosmic evolution and thus not a funda-
mental parameter that could be used to describe the beginning of the Universe.
The field theory reproduces all regimes of the classical SC in their conformal
versions. In particular, the theory of the free field describes all the equations
of state that are known in the standard cosmology: the rigid state (pRigid =
ρRigid(ϕ) = const/ϕ
2), the radiation state (pRadiation = ρRadiation/3 = const),
and the matter state (pMatter = 0, ρMatter = constϕ) [13,14]. The origin of
the rigid state are excitations of the homogeneous graviton and the dilaton
- Higgs field mixing; the radiation state corresponds to excitations of other
massless fields and the matter one to those of massive fields.
Now we can ask: What is the best regime for a description of the latest Su-
pernova data on the luminosity distance - redshift relation and is this regime
compatible with the other cosmological data, like the CMB radiation and
element abundances?
4. Luminosity distance - redshift relation
Let us establish the correspondence between the SC and the CC determined by
the evolution of the dilaton (17), where the time η, the density ρ(ϕ), and the
Hubble parameter H0 are treated as measurable quantities. Let us introduce
the standard cosmological definition of the redshift and density parameter
1 + z ≡ 1
a(η)
=
ϕ0
ϕ(η)
, Ω(z) =
ρ(ϕ)
ρ(ϕ0)
, (20)
where Ω(0) = 1 is assumed. The density parameter Ω(z) is determined in both
the SC and the CC as
Ω(z) = ΩRigid(1 + z)
2 + ΩRadiation +
ΩMatter
(1 + z)
+
ΩΛ
(1 + z)4
. (21)
We added here the ΩΛ-term that corresponds to the λϕ
4 interaction in the
conformal action in order to have the complete analogy with the standard
cosmology. Then the equation (17) takes the form
H0
dη
dz
=
1
(1 + z)2
1√
Ω(z)
, (22)
and determines the dependence of the conformal time on the redshift factor.
This equation is valid also for the conformal time - redshift relation in the SC
7
where this conformal time is used for description of a light ray.
A light ray traces a null geodesic, i.e. a path for which the conformal interval
(dsL)2 = 0 thus satisfying the equation dr/dη = 1. As a result we obtain for
the coordinate distance as a function of the redshift
H0r(z) =
z∫
0
dz′
(1 + z′)2
1√
Ω(z′)
. (23)
The equation (23) coincides with the similar relation between coordinate dis-
tance and redshift in SC.
In the comparison with the stationary space in SC and stationary masses in
CC, a part of photons is lost. To restore the full luminosity in both SC and
CC we should multiply the coordinate distance by the factor (1 + z)2. This
factor comes from the evolution of the angular size of the light cone of emitted
photons in SC, and from the increase of the angular size of the light cone of
absorbed photons in CC.
However, in SC we have an additional factor (1+ z)−1 due to the expansion of
the universe, as measurable distances in SC are related to measurable distances
in CC (that coincide with the coordinate ones) by the relation
ℓ = a
∫
dt
a
=
r
1 + z
. (24)
Thus we obtain the relations
ℓSC(z) = (1 + z)
2ℓ = (1 + z)r(z) , (25)
ℓCC(z) = (1 + z)
2r(z) . (26)
This means that the observational data are described by different regimes in
SC and CC. For example, the rigid state (i.e. ΩRigid = 1) gives the relation
ℓCC(z) = z +
z2
2
. (27)
In Fig. 1 we compare the results of the SC and CC for the effective magnitude-
redshift relation: m(z) = 5 log [H0ℓ(z)] +M , where M is a constant, with
recent experimental data for distant supernovae [1,21]. Within the CC model
the pure rigid state of dilaton-Higgs dynamics without cosmological constant
gives the best description and is equivalent to the SC fit up to the SN1997ff
point.
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Fig. 1. m(z)-relation for a flat universe model in SC and CC. The data points
include those from 42 high-redshift Type Ia supernovae [1] and that of the recently
reported farthest supernova SN1997ff [21]. An optimal fit to these data within the
SC requires a cosmological constant ΩΛ = 0.7, whereas in the CC these data require
the dominance of the rigid state.
5. Cold Universe Scenario
In this section we want to discuss the consistency of the here described CC
scenario of a nonexpanding Universe, in which the observed redshift of spectra
is due to time-dependent elementary particle masses, with other cosmological
observations such as the CMB radiation and the distribution of elements.
In the limit of the Early Universe, ϕ⇒ 0, the CGR action also gives the most
singular rigid state ρ/ρ0 = ΩRigid(z + 1)
2 and the primordial motion of the
dilaton described before
ϕ2(η) =ϕ2I [1 + 2HIη] =
ϕ20
(1 + z)2
,
H(z) =
ϕ′
ϕ
= H0(1 + z)
2 . (28)
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At the point of coincidence of the Hubble parameter of this motion with the
mass of vector bosons mv(z) ∼ H(z), there occurs the intensive creation of
longitudinal vector bosons, see [23]. Fast thermal equilibration of this boson
system takes place since for the inverse relaxation time holds η−1relaxation =
σscat.nv ≥ H(z), and therefore the density of created vector bosons nv defines
an equilibrium temperature which appears to be an the integral of motion of
the cosmic evolution Teq≃ [m2v(z)H(z)]1/3≃ (m2WH0)1/3 = 2.7K∼HI . This is
a surprisingly good agreement of Teq with the CMB radiation temperature.
It is worth to emphasize this difference between the CC model and the SC
ones: In conformal cosmology, the CMB temperature remains constant (cold
scenario) but the masses evolve throughout the history of the universe due to
the time dependence of the dilaton field
mera(zera) =
mera(0)
(1 + zera)
= Teq , (29)
where mera(0) is the present-day value of a characteristic energy (mass) scale
determining the onset of an era of the universe evolution.
Eq. (29) has the important consequence that all those physical processes which
concern the chemical composition of the universe and which depend basically
on Boltzmann factors with the argument (m/T ) cannot distinguish between
the mass history of conformal cosmology and the temperature history of stan-
dard cosmology due to the relations
m(z)
T (0)
=
m(0)
(1 + z)T (0)
=
m(0)
T (z)
. (30)
This formula makes transparent that in this order of approximation a z-history
of masses with invariant temperatures in the rigid state of CC is equivalent to
a z-history of temperatures with invariant masses in the radiation stage of SC.
We expect therefore that the conformal cosmology will be as successful as the
standard cosmology in the radiation stage for describing, e.g., the neutron-
proton ratio and the primordial element abundances.
An important new feature of the conformal cosmology relative to the standard
one is the absence of the Planck era, since the Planck mass is not a fundamental
parameter but only the present-day value of the dilaton field [12].
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6. Conclusion
We have presented an approach according to which the new supernova data
can be interpreted as evidence for a new type of geometry in Einstein’s theory
rather then a new type of matter. This geometry corresponds to the relative
standard of measurement and to a conformal cosmology with constant three-
volume. In this cosmology, the dilaton field scales all masses and its evolution is
responsible for observable phenomena like the redshift of spectra from distant
galaxies. The evolution of all masses replaces the familiar evolution of the
scale factor in standard cosmologies. The infrared dilaton - elementary particle
interaction leads to particle creation [23] and in turn to the occurence of the
CMB radiation with a temperature of 2.7 K not changed ever since.
We have defined the cosmological parameters in the conformal cosmology,
and we have found that the effective magnitude - redshift relation (Hubble
diagram) for a rigid state which originates from the dilaton - Higgs dynamics
describes the recent observational data for distant (high-redshift) supernovae
including the farthest one at z = 1.7. While in the standard FRW cosmology
interpretation a Λ - term (or a quintessential analogue) is needed, which entails
a transition from decelerated to accelerated expansion at about z ∼ 1.7, the
cosmology presented here does not need a Λ - term. Both cosmologies make
different predictions for the behaviour at z > 1.7. Provided that the CSM
with a Higgs potential gives a correct description of the matter sector, our
findings suggest that new data at higher redshift could discriminate between
the alternative cosmological interpretations of the luminosity - redshift relation
and answer the question: Is the universe expanding or not?
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